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LEIBNIZ RULE ON HIGHER PAGES OF UNSTABLE SPECTRAL
SEQUENCES
SERGEI O. IVANOV, ROMAN MIKHAILOV, AND JIE WU
Abstract. A natural composition ⊙ on all pages of the lower central series
spectral sequence for spheres is defined. Moreover, it is defined for p-lower
central series spectral sequence of a simplicial group. It is proved that rth
differential satisfies a “Leibiz rule with suspension”: dr(a⊙ σb) = ±dra⊙ b+
a ⊙ drσb, where σ is the suspension homomorphism.
1. Introduction
It often happens that, different spectral sequences, which play a fundamental role
in algebraic topology, have additional structures like smash and composition pair-
ing, Whitehead products etc. In particular, the main homotopy spectral sequences
such as Bousfield-Kan and Adams spectral sequences have a composition pairing
[5]. In the stable range the composition for the homotopy spectral sequences are
introduced naturally. For the unstable spectral sequences the situation is different.
In a practice, any additional structure on a spectral sequence gives a lot of infor-
mation on its differentials. In this paper, the authors discuss mainly the spectral
sequences arising from filtrations and consider general properties needed for the
definition of composition in the unstable case.
The main motivating example is the following. For a simplicial group G, and an
odd prime p, let E(G,Fp) be the p-lower central series spectral sequence (see [3], [1],
[2]). For a simplicial set X we set E(X,Fp) = E(F [X ],Fp), where F [X ] is Milnor’s
construction. It is well-known that E(X,Fp) ⇒ π∗(ΣX, p), for ’good’ spaces X ,
where π∗(ΣX, p) is the quotient of π∗(ΣX) by prime to p torsion [3] (we use F [X ] =
GΣX, where G is the Kan’s loop functor). Moreover, E(S2n,Fp) is described on
the language of the lambda algebra [2]. Denote E(S∗,Fp) =
⊕
i≥2E(S
i,Fp). We
show that (Theorem 3.6) for r ≥ 1, there exists a well-defined map
⊙ : Er(G,Fp)× E
r(S∗,Fp) −→ E
r(G,Fp),
such that for elements a ∈ Erk,l(G,Fp) and b ∈ E
r
s,t(S
∗,Fp) the following Leibniz-
like rule holds
dr(a⊙ σb) = (−1)l+tdra⊙ b+ a⊙ drσb,
where σ is the suspension homomorphism. Moreover, this composition coincides
with the multiplication on the lambda algebra.
This composition operation is a consequence of the more general result,
Theorem 3.2, which is formulated in a general setting, for a filtered monad over
Milnor’s construction on a pointed simplicial set and the Kleisli composition. Such
a general approach allows to introduce a natural composition on different unstable
spectral sequences defined via filtrations of simplicial groups.
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2. Kleisli composition and suspension homomorphism
2.1. Kleisli composition. Let (M,m, e) be a monad on the category of pointed
sets M : Sets∗ → Sets∗, where m :M2 →M is the multiplication morphism and
e : Id → M is the identity morphism. Let A be a M-algebra in Sets∗ with the
structure morphism mA : MA → A and X,Y be a two pointed sets. Then we
define the Kleisli composition (see VI.5 of [10]) as follows
Sets∗(X,A)× Sets∗(Y,MX) −→ Sets∗(Y,A)
(f, g) 7−→ mA ◦Mf ◦ g =: f ⊙ g.
This map is natural by Y and A. In other words, if h : Y ′ → Y is a point-preserving
map and α : A→ A′ is a homomorphism of M-algebras, then
(1) (f ⊙ g) ◦ h = f ⊙ (g ◦ h)
and
(2) α ◦ (f ⊙ g) = (α ◦ f)⊙ g.
The first equality is obvious. The second holds because α◦(f⊙g) = α◦mA◦Mf◦g =
mB◦Mα◦Mf◦g = mB ◦M(α◦f)◦g = (α◦f)⊙g. Hence we can write compositions
α ◦ f ⊙ g ◦ h without brackets.
Extend the monad (M,m, e) on the category of pointed simplicial sets S∗ :
M : S∗ −→ S∗,
and extend the Kleisli composition
⊙ : S∗(X,A)× S∗(Y,MX) −→ S∗(Y,A),
by the same formula, where X,Y ∈ S∗ and A is a simplicial M-algebra. It is easy
to see that the properties (1) and (2) still holds.
Consider the case of Y = ∆[m]+ = ∆[m] ⊔ ∗. Since S∗(∆[m]+, A) = Am and
S∗(∆[m]+,MX) =MXm we get a map
(3) ⊙ : S∗(X,A)×MXm −→ Am.
Lemma 2.1. Let A be a simplicial M-algebra and f ∈ S∗(X,A). Then
f ⊙− :MX → A
is the unique morphism of simplicial M-algebras such that (f ⊙ −) ◦ eX = f . In
particular, di(f ⊙ g) = f ⊙ dig and si(f ⊙ g) = f ⊙ sig for all i and g ∈MX.
Proof. First we prove that f ⊙ − is a simplicial map. Indeed, consider the coface
map di : ∆[n]→ ∆[n+ 1]. Applying (1), we get
di(f ⊙ g) = (f ⊙ g) ◦ (d
i)+ = f ⊙ (g ◦ (di)+) = f ⊙ dig.
Similarly we obtain si(f ⊙ g) = f ⊙ sig.
Prove that f ⊙− is a morphism of M-algebras. We have to prove the equality
mA ◦M(f ⊙−) = (f ⊙−) ◦mX .
Note that f ⊙− = mA ◦Mf. Then
mA ◦M(f ⊙−) = mA ◦MmA ◦M2f =
mA ◦mA ◦M
2f = mA ◦Mf ◦mX = (f ⊙−) ◦mX .
Thus f ⊙− is a morphism of M-algebras.
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Since MX is a free M-algebra generated by X, any morphism of M-algebras
MX → A is uniquely defined by the composition X
eX→MX → A. Since
(f ⊙−) ◦ eX = f ⊙ eX = m
A ◦Mf ◦ eX = m
A ◦ eA ◦ f = f,
we obtain that f ⊙ − is the unique morphism of simplicial algebras such that
(f ⊙−) ◦ eX = f. 
Denote by in the non-degenerate n-simplex in ∆[n] and its image in S
n. If we
take X = ∆[n]+ and X = Sn, and use that S∗(∆[n]+, X) ∼= Xn and S∗(Sn, X) ∼=
ZnX = {x ∈ Xn | dix = ∗ for 0 ≤ i ≤ n} we get the following corollaries.
Corollary 2.2. Let A be a simplicial M-algebra and a ∈ An. Then
a⊙− :M(∆[n]+)→ A
is the unique morphism of simplicial M-algebras that sends ein to a. In particular,
di(a⊙ x) = a⊙ dix and si(a⊙ x) = a⊙ six for all i and x ∈ M(∆[n]).
Corollary 2.3. Let A be a simplicial M-algebra and a ∈ ZnA. Then
a⊙ − :M(Sn)→ A
is the unique morphism of simplicial M-algebras that sends ein to a. In particular,
di(a⊙ x) = a⊙ dix and si(a⊙ x) = a⊙ six for all i and x ∈ M(Sn).
Example 2.4. Let F [−] : Sets∗ → Sets∗ be the functor that sends a pointed set X
to the group with generators X and with one relation ∗ = 1, where ∗ is the base
point of X. The definition of F on morphisms is obvious. This functor has the
natural structure of a monad (F,m, e), where mX : F [F [X ]] → F [X ] is given by
’concatenation’ of ’strings of strings’ and eX : X → F [X ] is the map to generators.
The map eX universal point-preserving map from X to a group. Actually, F [X ] is
a free group over X \ {∗}, but this definition is not so good for morphisms. The
extension of F [−] on the category of simplicial sets
F [−] : S∗ −→ S∗
with the natural morphisms mX : F [F [X ]] → F [x] and eX : X → F [X ] is the
monad of Milnor’s construction. An F [−]-algebra is a simplicial group. It
follows that for any simplicial group G the Kleisli composition gives the maps
⊙ : Gn × F [∆[n]
+]m −→ Gm, ⊙ : ZnG× F [S
n]m −→ Gm.
Similarly one can define the abelian version of this monad Z[−], Lie ring (over Z)
version L[−] and p-restricted Lie algebra over Fp version L[p][−].
Assume now that M is a monad with ’a natural structure of a group’ on MX.
More precisely, assume that we fix a morphism of monads F [−]→M. In particular,
any M-algebra A has a structure of a simplicial group. It follows that the set
S∗(X,MY ) has a structure of a group given by (g1 · g2)(x) = g1(x) · g2(x). Using
that Mf and mA are momorphisms of simplicial groups, we get
(4) f ⊙ (g1 · g2) = (f ⊙ g1) · (f ⊙ g2)
for any f ∈ S∗(Y,A) and g1, g2 ∈ S∗(X,MY ). Indeed,
(f ⊙ (g1 · g2))(x) = m
A(Mf((g1(x) · g2(x)))) =
mA(Mf(g1(x))) ·m
A(Mf(g2(x))) = ((f ⊙ g1) · (f ⊙ g2))(x).
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Note that in general (f1 · f2)⊙ g is not equal to (f1 ⊙ g) · (f2 ⊙ g).
Since an M-algebra A is a simplicial group, it is a fibrant simplicial set. Then
[Y,A] = S∗(Y,A)/ ∼, where ∼ is the homotopy equivalence. It is easy to see that
if {hi} is a simplicial homotopy between simplicial maps g, g′ ∈ S∗(X,A), then
{Mhi} is a homotopy between simplicial maps Mg,Mg
′ ∈ S∗(MY,MA), and
hence, M induces a well-defined map [Y,A] → [MY,MA]. It follows that in this
case the Kleisli composition is well-defined on the level of the homotopy category:
⊙ : [Y,A]× [X,MY ] −→ [X,A].
If we take X = Sn, Y = Sm, then we get the map
(5) ⊙ : πnA× πnMS
n −→ πmA.
The equation (2) implies that an element x ∈ πmMSn a gives a map − ⊙ x :
πnA→ πm, which is natural by A. In other words, if α : A→ B is a morphism of
M-algebras, then
(6) (πmα)(a⊙ x) = (πnα)a⊙ x
for any a ∈ πnA.
Despite that the left distributivity does not hold in general for ⊙, we have the
following lemma that partially substitute the left distributivity.
Lemma 2.5. Let M = F [−], G is a simplicial group and H ⊳ G is its normal
simplicial subgroup. Denote by ιS∗(−, H) the image of S∗(−, H) in S∗(−, G). If
f ∈ S∗(Y,G), h ∈ ιS∗(Y,H), g ∈ S∗(X,F [Y ]), then
((f · h)⊙ g) · (f ⊙ g)−1 ∈ ιS∗(X,H),
((h · f)⊙ g) · (f ⊙ g)−1 ∈ ιS∗(X,H).
Proof. Consider the canonical projection α : G → G/H. Then α ◦ h is trivial and
α◦(f ·h) = α◦f. It follows that α∗((f ·h)⊙g) = α◦(f ·h)⊙g = α◦f⊙g = α∗(f⊙g).
Using that the sequence 1→ S∗(X,H)→ S∗(X,G)
α∗→ S∗(X,G/H) is exact, we get
the required statement. 
2.2. Suspension homomorphism. For a pointed simplicial set X we always as-
sume that X−1 = ∗ and d0 : X0 → X−1 is the unique map. There are two versions
of the suspension and the loop space of a pointed simplicial set that are opposite
to each other. We prefer the following (as in [8]). For X ∈ S∗ we denote by ΣX
the a pointed simplicial set such that
(ΣX)n = {(x, k) | x ∈ Xn−k and 0 ≤ k ≤ n+ 1}/ ∼,
where ∼ is identifying of points (∗, k) and (x, 0) with the base point (∗, n+ 1). For
x ∈ Xn−k we define
di(x, k) =
{
(dix, k), 0 ≤ i ≤ n− k
(x, k − 1), n− k < i ≤ n
si(x, k) =
{
(six, k), 0 ≤ i ≤ n− k
(x, k + 1), n− k < i ≤ n
By PX we denote the simplicial path space which is given by
(PX)n = {x ∈ Xn+1 | (d0)
n+1x = ∗},
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and di, si for PX are induced by di and si for X. The simplicial loop space ΩX is
a simplicial subset of the path space PX, which is given by
(ΩX)n = {x ∈ Xn+1 | (d0)
n+1x = ∗ and dn+1x = ∗}.
These functors are adjoint S∗(ΣX,Y ) ∼= S∗(X,ΩY ), and hence S∗(ΣX,Y ) is iso-
morphic to the set
{
{H : Xn → Yn+1}n≥0 |
diH = Hdi, siH = Hsi, dn+1H = ∗, (d0)
n+1H = ∗, 0 ≤ i ≤ n
}
,
where the isomorphism is given by f 7→ Hf , where Hf (x) = f(x, 1). Let M :
Sets∗ → Sets∗ be a functor such that M(∗) = ∗. We extend it to the category of
pointed simplicial sets S∗. Then there is a map
ΦMX,Y : S∗(ΣX,Y ) −→ S∗(ΣMX,MY )
that sends the morphism corresponding to a collection {H : Xn → Yn+1} to the
morphism corresponding to the collection {MH :MXn →MYn+1}. Consider the
map sMX : ΣMX −→ MΣX which is given by s
M
X = Φ
M
X,ΣX(idΣX). It gives a
natural transformation
(7) sM : ΣM−→MΣ
It is easy to check that
(8) ΦMX,Y f =Mf ◦ s
M
X .
Moreover, if M and N are two such endofunctors, then
(9) ΦNMX,MY ◦ Φ
M
X,Y = Φ
NM
X,Y ,
and if ϕ : M → N is a natural transformation, then the following diagram is
commutative
(10) ΣM
Σϕ
//
s
M

ΣN
s
N

MΣ
ϕΣ
// NΣ
The equalities (8) and (9) imply the following
(11) sNM = N sM ◦ sNM.
The map
σ : S∗(X,MY ) −→ S∗(ΣX,MΣY )
given by σf = sMY ◦Σf is called suspension homomorphism with respect toM.
Lemma 2.6. Let (M,m, e) be a monad on the category Sets∗ such that M(∗) = ∗.
Then for any X,Y, Z ∈ S∗ and f ∈ S∗(Y,MZ), g ∈ S∗(X,MY ) the following holds
σf ⊙ σg = σ(f ⊙ g).
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Proof. Denote s = sM Using (11), we get sM
2
=Ms ◦ sM. Since m :M2 →M is
a natural transformation, using (10), we get mΣ ◦ sM
2
= s ◦Σm. Combining these
equalities, we get mΣ ◦Ms ◦ sM = s ◦Σm. Using this equality and the fact that s
is a natural transformation, we obtain
σf ⊙ σg = mΣZ ◦MsZ ◦MΣf ◦ sY ◦ Σg =
mΣZ ◦MsZ ◦MΣf ◦ sY ◦ Σg = mΣZ ◦MsZ ◦ sMZ ◦ ΣMf ◦ Σg =
sZ ◦ ΣmZ ◦ ΣMf ◦ Σg = sZ ◦ Σ(mZ ◦Mf ◦ g) = σ(f ⊙ g).

Remark 2.7. Lemma 2.6 means that Σ induces a functor on the Kleisli category
associated with the monad (M,m, e).
Suspension homomorphism can be defined on the level of the homotopy category
σ : [X,MY ] → [ΣX,MΣY ] by the same formula. If X = Sm, Y = Sn we get the
map
σ : πmM(S
n) −→ πm+1M(S
n+1).
Remark 2.8. It can be checked that our definition of suspension homomorphism
coincides with the one given in [7] if MX = M (Z[X ]), for a functor M : Ab →
Ab
forg.
−−−→ Sets∗.
2.3. The section τ : M(Sn)m → M(∆[n]+)m. We denote by in the non-
degenerate n-simplex in ∆[n] and its image in Sn. Consider the map τ : (Sn)m −→
(∆[n]+)m given by τ(si1 . . . sim−n in) = si1 . . . sim−n in and τ(∗) = ∗. It is not a sim-
plicial map but it commutes with degeneracies and it is a section of the projection
prm : (∆[n]
+)m ։ (S
n)m.
Let (M,m, e) be a monad on the category Sets∗ such that M(∗) = ∗, and as
usual we extend it on the category of pointed simplicial sets S∗. Applying M to
τ : (Sn)m → (∆[n]+)m we get a map
τ :M(Sn)m →M(∆[n]
+)m
that we denote by the same symbol. Consider the adjoint map s′X :MX → ΩMΣX
to the map (7). If we take X = Sn, the simplicial homomorphism s′Sn induces the
following morphism of M-algebras
s :M(Sn)m −→M(S
n+1)m+1.
Lemma 2.9. Let A be an M-algebra and x ∈ M(Sn)m. If a ∈ An+1 such that
dia = 1 for 0 ≤ i ≤ n, then di(a⊙ τsx) = a⊙ τsdix for 0 ≤ i ≤ n and
dm+1(a⊙ τsx) = dn+1a⊙ τx.
Proof. The path space PA is still a simplicialM-algebra, and hence we can consider
the unique momorphism of simplicial M-algebras ψa : M(Sn) → PA such that
ψa(ein) = a (see Corollary 2.3). Prove that ψa(x) = a⊙ τsx, where a is considered
as an element of An+1 and x ∈M(Sn)m. Since both the mapsM(Sn)m → (PA)m
are morphisms ofM-algebras, it is enough to check that the compositions (Sn)m
e
→
M(Sn)m → (PA)m are equal. Indeed, for y = si1 . . . sim−n ∈ (S
n)m we have
ψa(ey) = si1 . . . sim−na = a⊙ τsey. Thus ψa = a⊙ τs(−), and hence a⊙ τs(−) is a
simplicial map. It follows that di(a⊙ τsx) = a⊙ τsdix for 0 ≤ i ≤ n.
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Prove the last equality. Since both maps dm+1(a ⊙ τs(−)) and dn+1a ⊙ τ(−)
are morphisms of M-algebras, it is enough to prove for x = ey, where y ∈ (Sn)m.
For an element of the form y = si1 . . . sm−nin we have that ij ≤ m − j + 1. It
follows that dm+1(a⊙ τsey) = dm+1si1si2 . . . sim−na = si1dmsi2 . . . sim−na = . . . =
si1si2 . . . sim−ndn+1a = dn+1a⊙ τey. 
3. Multiplicative unstable spectral sequence
3.1. General lemma about simplicial groups. If G is a simlicial group, we
denote by NG its Moore complex, where NnG =
⋂
i≥1Ker di and d : NnG →
Nn−1G is induced by d0. By ZnG we denote the group of Moore cycles ZnG = {g ∈
Gn | dig = 1 for 1 ≤ i ≤ n}. If H is a normal simplicial subgroup of G, we get the
boundary map δ : πn(G/H)→ πn−1H. If g ∈ NnG such that gH ∈ Zn(G/H), then
δ([gH ]) = [d0g]. The following lemma is a generalisation of this equality.
Lemma 3.1. Let G be a simplicial group, H be its normal subgroup, δ : πn(G/H)
→ πn−1H be the boundary map, g ∈ Gn such that dig ∈ Zn−1H for all 0 ≤ i ≤ n.
Then
δ([gH ]) =
n∑
i=0
(−1)i[dig].
Proof. Consider the sequence of elements gn, gn−1, . . . , g0, where gn = g and gj =
gj+1 · (sjdj+1gj+1)−1. We claim that digj = 1 for j < i ≤ n, digj = dig for i < j,
and
djgj = dj+pi(0)g
(−1)pi(0) · dj+pi(1)g
(−1)pi(1) · . . . · dj+pi(n−j)g
(−1)pi(n−j) ,
for some permutation π = πj of the set {0, 1, . . . , n − j}. Moreover, we claim that
gjH = gH.
Prove it using descending induction by j. It is obvious if j = n. Assume that it
is true for j + 1 and prove for j. If j + 1 < i ≤ n then
digj = digj+1 · disjdj+1g
−1
j+1 = disjdj+1g
−1
j+1 = sjdi−1dj+1g
−1
j+1 = sjdj+1dig
−1
j+1 = 1.
If i = j + 1, then
dj+1gj = dj+1gj+1 · dj+1sjdj+1g
−1
j+1 = dj+1gj+1 · dj+1g
−1
j+1 = 1.
If i < j, using that disjdj+1 = sj−1didj+1 = sj−1djdi and that dig ∈ Zn−1H, we
get
digj = digj+1 · disjdj+1g
−1
j+1 = dig · sj−1djdig
−1 = dig.
If i = j, we get
djgj = djgj+1 · djsjdj+1g
−1
j+1 = djg · dj+1g
−1
j+1 =
= djg · dj+1+pi(n−j−1)g
(−1)pi(n−j−1)+1 · . . . · dj+1+pi(0)g
(−1)pi(0)+1 =
= dj+p˜i(0)g
(−1)p˜i(0) · dj+p˜i(1)g
(−1)p˜i(1) · . . . · dj+p˜i(n−j)g
(−1)p˜i(n−j) ,
where π˜(0) = 0 and π˜(k) = π(n − j − k) + 1. Since π is a permutation of the set
{0, . . . , n − j − 1}, π˜ is a permutation of the set {0, . . . , n − j}. Using the above
presentations of digj , we see that digj ∈ Zn−1H. In particular, sjdj+1gj+1 ∈ Hn,
and hence, gjH = gj+1H = · · · = gH.
Therefore, we have that g0 ∈ NnG, g0H = gH and
d0g0 = dpi(0)g
(−1)pi(0) · dpi(1)g
(−1)pi(1) · . . . · dpi(n)g
(−1)pi(n) ,
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for some permutation π of the set {0, . . . , n}. It follows that δ([gH ]) = δ([g0H ]) =
[d0g0] =
∑n
i=0(−1)
i[dig].

3.2. Spectral sequence given by a filration of a group-like monad. Let
(M,m, e) be a monad over F [−] (with a fixed morphism of monads F [−] → M)
on the category of Sets∗, where F [−] is the monad from Example 2.4. Assume that
M is filtered by a sequence of subfunctors
MX = F0X ⊇ F1X ⊇ F2X ⊇ . . .
such that FiX is a normal subgroup of MX and the multiplication morphism
m :M2 →M induces a morphism
(12) m : Fi ◦ Fj −→ Fi+j .
This filtration induces a filtration on the extended monad M : S∗ → S∗ with the
same properties.
We put LiX := FiX/Fi+1X, L∗X =
⊕
i≥0 LiX and F∗X = ⊕i≥0FiX. It is
easy to see that the structure of monad on M induces a structure of a monad
on L∗. If A is a simplicial M-algebra with the structure map mA : MA → A
the filtration F defines a filtration on A given by fiA = m
A(FiA). We put liA =
fiA/fi+1A, f∗A =
⊕
i≥0 fiA and l∗A =
⊕
i≥0 liA. Then l∗A is an algebra over the
monad L∗. Further, we denote by C(A,M) the associated homotopy exact couple
(D(A,M), B(A,M), α, β, δ), where D(A,M) = π∗f∗A and B(A,M) = π∗l∗A. The
associated spectral sequence we denote by E(A,M). We are using the following
indexing E1i,j(A,M) = πj liA, and hence the differential on the rth page acts as
follows dr : Erk,l(A,M)→ E
r
k+r,l−1(A,M).
If A = MX for a simplicial set X, we denote C(X,M) := C(MX,M) and
E(X,M) = E(MX,M). The suspension homomorphism induces a morphism of
exact couples σ : C(X,M)→ C(ΣX,M). Then we have E1(X,M) = π∗L∗X and
the suspension morphism induces a morphism of spectral sequences
σ : E(X,M)→ E(ΣX,M).
The spectral sequence is obviously functorial by M i.e. if M → M′ is a mor-
phism of filtered monads over F [−] then we get a morphism of spectral sequences
E(X,M) −→ E(X,M′).
Consider the direct sum of spectral sequences E(S∗,M) =
⊕
n≥2E(S
n,M). If
we denote π∗L∗(S
∗) =
⊕
n≥2 π∗L∗(S
n), we get
E1(S∗,M) = π∗L∗(S
∗).
The Kleisli composition with respect to L induces an operation
⊙ : π∗l∗A× π∗L∗(S
∗) −→ π∗l∗A
that vanishes on non-composable homogenious elements. Using (4), we get x⊙ (y+
z) = x⊙ y+ x⊙ z, but we do not state that the map is bilinear, and so we do not
assume that π∗L∗(S
∗) is a ring with respect to ⊙. The suspension homomorphisms
give an endomorphism
σ : π∗L∗(S
∗) −→ π∗L∗(S
∗)
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such that σ(a+b) = σa+σb and σ(a⊙b) = σa⊙σb.Moreover, we get the suspension
endomorphism of the spectral sequence
σ : E(S∗,M) −→ E(S∗,M)
that consists of components σ : Erk,l(S
n,M)→ Erk,l+1(S
n+1,M).
Theorem 3.2. Let A be a M-algebra. Then the Kleisli composition ⊙ induces a
well-defined map
⊙ : Er(A,M)× Er(S∗,M) −→ Er(A,M),
and for elements a ∈ Erk,l(A,M) and b ∈ E
r
s,t(S
∗,M) the following Leibniz-like
rule holds
(13) dr(a⊙ σb) = (−1)l+tdra⊙ b+ a⊙ drσb.
Proof. For the sake of simplicity we put E(A) = E(A,M) and E(S∗) = E(S∗,M).
Denote
Zrk,l(A) = Im
(
πl(fkA/fk+rA) −→ πllkA
)
= Ker
(
πllkA
δ
−→ πl−1(fk+1A/fk+rA)
)
,
where δ is the boundary map associated with the short exact sequence
1→ fk+1A/fk+rA→ fkA/fk+rA→ lkA→ 1,
and
Brk,l(A) = Im
(
πl+1(fk−r+1A/fkA)
δ
−→ πllkA
)
=
Ker
(
πllkA −→ πl(fk−r+1A/fk+1A)
)
,
where δ is the boundary map associated with the short exact sequence
1→ lkA→ fk−r+1A/fk+1A→ fk−r+1A/fkA→ 1.
Then Erk,l(A) = Z
r
k,l(A)/B
r
k,l(A).
Prove that ⊙ is well-defined on the level of Zr. Using the property (12), we get
that the map m :M2 →M induces the map
Fk/Fk+r ◦ Fs/Fs+r −→ Fk+s/Fk+s+r.
Hence we get a well-defined structure of a monad on
⊕
j≥0 Fj/Fj+r. Consider el-
ements a ∈ Zrk,l(A) and b ∈ Z
r
s,t(S
m). If l 6= m, the composition vanishes, so we
assume that l = m. By definition of Zr, there exist elements a˜ ∈ πm(fkA/fk+rA)
and b˜ ∈ πt(FsSm/Fs+rSm) that lift a and b. Then their Kleisli composition
a˜⊙ b˜ ∈ πt(fk+sA/fk+s+rA) with respect to the monad
⊕
j≥0 Fj/Fj+r lifts the Kleisli
composition a⊙ b ∈ πtlk+sA, and hence a⊙ b ∈ Zrk+s,t(A). Thus ⊙ is well-defined
on the level of Zr.
In order to prove that ⊙ is well defined on the level of Er we have to prove that
for elements x ∈ Brk,m(A) and y ∈ B
r
s,t(S
m) we have
(a+ x)⊙ (b + y)− a⊙ b ∈ Brk+s,t(A).
Using the right distributivity (4), we get
(a+ u)⊙ (b+ v)− a⊙ b = (a+ u)⊙ b+ (a+ u)⊙ v − a⊙ b.
Hence, it is enough to prove that a ⊙ v ∈ Brk+s,t(A) for any a ∈ Z
r
k,m(A) and
v ∈ Brs,t(S
m), and (a+u)⊙b−a⊙b ∈ Brk+s,t(A) for any a ∈ Z
r
k,m(A), b ∈ Z
r
s,t(S
m)
and u ∈ Brk,l(A).
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Prove that a ⊙ v ∈ Brk+s,t(A) for any a ∈ Z
r
k,m(A) and v ∈ B
r
s,t(S
m). Consider
a lifting a˜ ∈ Zm(fkA/fk+rA) of a and an element v˜′ ∈ Nt(Fs−r+1(Sm)/Fs+1(Sm))
such that v˜ = d0v˜
′ lifts v. Then by Corollary 2.3 di(a˜ ⊙ v˜′) = a˜ ⊙ div˜′, where
⊙ is the Kleisli composition with respect to
⊕
j≥0 Fj/Fj+r. Thus di(a˜ ⊙ v˜
′) = 1
for 1 ≤ i ≤ t + 1 and d0(a˜ ⊙ v˜′) = a˜ ⊙ v˜ lifts the composition a ⊙ v. Hence
a⊙ v ∈ Brk+s,t(A).
Prove that (a+u)⊙ b−a⊙ b∈ Brk+s,t(A) for any a ∈ Z
r
k,m(A), b ∈ Z
r
s,t(S
m) and
u ∈ Brk,m(A). Consider the embedding α : lkA→ fk−r+1A/fk+1A. Then B
r
k,m(A) =
Ker(πmα) and B
r
k,t(A) = Ker(πtα). Using (6), we get
(πtα)((a + u)⊙ b− a⊙ b) = (πmα)(a+ u)⊙ b− (πmα)a⊙ b =
(πmα)a⊙ b− (πmα)a⊙ b = 0.
And hence (a+ u)⊙ b− a⊙ b ∈ Brk+s,t(A). Therefore, ⊙ is well-defined on the level
of Er.
Prove the Leibniz rule (13). Let a ∈ Erk,l(A) and b ∈ E
r
s,t(S
m). If m 6= l − 1,
then both parts of the equation (13) are equal to zero, hence we can assume that
m = l − 1. Consider a˜ ∈ fkAl that lifts a such that dia˜ = 1 for 0 ≤ i ≤ l − 1 and
dla˜ ∈ fk+rAl−1; and consider b˜ ∈ Fs(Sl−1)t such that dib˜ = 1 for 1 ≤ i ≤ t and
d0b˜ ∈ Fs+r(Sl−1)t−1. Since the filtration F is defined on the level of pointed sets,
we get τsb˜ ∈ Fs(∆[l])t+1. Consider the element a˜ ⊙ τsb˜ ∈ fk+sAt+1 that lifts the
element a⊙ σb ∈ Ek+s,t+1(A). Then by Lemma 2.9 we obtain that di(a˜⊙ τsb˜) = 1
for 1 ≤ i ≤ t− 1, d0(a˜⊙ τsb˜) = a˜⊙ τsd0b˜ and dt(a˜⊙ τsb˜) = dla˜⊙ τ b˜. The element
a˜ ⊙ τsd0b˜ lifts the element a ⊙ drσβ, using Lemma 3.1 we get that the element
dla˜ ⊙ τ b˜ lifts the element (−1)ldra ⊙ b. Finally, using Lemma 3.1 for the element
a˜⊙ τsb˜ we obtain dr(a⊙ σb) = (−1)t+ldra⊙ b+ a⊙ drσb. 
Example 3.3. Consider the p-accelerated p-lower central series on the Milnor’s
construction F [X ] = γ
[p]
1 [X ] ⊇ γ
[p]
p [X ] ⊇ γ
[p]
p2
[X ] ⊇ . . . This filtration gives the
accelerated p-lower central series spectral sequence E(X,Fp) [2], [4] for a simplicial
set X. If G is a simplicial group (=simplicial F [−]-algebra), we have the spectral
sequence E(G,Fp) which is associated to the p-accelerated p-lower central series
G = γ
[p]
p0
(G) ⊇ γ
[p]
p1
(G) ⊇ γ
[p]
p2
(G) ⊇ . . . . We refer to this spectral sequence as a
p-LCS spectral sequence. Then Theorem 3.2 states that the Kleisli composition
induces a well-defined map
⊙ : Er(G,Fp)× E
r(S∗,Fp) −→ E
r(G,Fp),
and the property (13) holds. In particular, the map
⊙ : Er(X,Fp)× E
r(S∗,Fp) −→ E
r(X,Fp)
is well defined and satisfies the property (13).
Example 3.4. Consider the p-accelerated (integral) lower central series F [X ] =
γ1[X ] ⊇ γp[X ] ⊇ γp2 [X ] ⊇ . . . . We denote by E˜(X, p) the associated spectral
sequence. Since γpl [X ] ⊆ γ
[p]
pl
[X ], we get a morphism of spectral sequences:
E˜(X, p) −→ E(X,Fp).
Example 3.5. Let Z(p) = {a/b ∈ Q | b is prime to p}. Denote by FZ(p) [−] :
Sets∗ → Sets∗ the Z(p)-completion of the group F [X ] (see [6]). The structure of a
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monad on F [−] induces a structure of a monad on FZ(p) [−]. Since Z(p)-completion
is an exact functor, we have π∗FZ(p) [X ] is the Z(p)-completion of π∗+1ΣX. Consider
the p-accelerated lower central series filtration on this monad. One could prove that
the associated spectral sequence convergence to the Z(p)-completion of π∗+1ΣX.
3.3. The lambda algebra for an odd prime p. In this subsection we remind
the notion of the lambda algebra for odd p (see [2] with corrections in [4]). Let p
be a fixed odd prime number. The mod-p lambda algebra [p]Λ = Λ is an Fp-algebra
generated by elements λi of degree 2(p− 1)i− 1 for i ≥ 1 and elements µj of degree
2(p− 1)j for j ≥ 0. If we consider the elements a(k, j), b(k, j) ∈ Fp given by
a(k, j) = (−1)j+1
(
(p− 1)(k − j)− 1
j
)
,
b(k, j) = (−1)j
(
(p− 1)(k − j)
j
)
,
and the elements N(k), N ′(k) ∈ Z given by N(k) =
⌊
k − k+1
p
⌋
, N ′(k) =
⌊
k − k
p
⌋
,
the ideal of relations of Λ is generated by the relations
(14) λiλpi+k =
N(k)∑
j=0
a(k, j)λi+k−jλpi+j ,
(15) λiµpi+k =
N(k)∑
j=0
a(k, j)λi+k−jµpi+j +
N ′(k)∑
j=0
b(k, j)µi+k−jλpi+j
for i ≥ 1, k ≥ 0, and the relations
(16) µiλpi+k+1 =
N(k)∑
j=0
a(k, j)µi+k−jλpi+j+1,
(17) µiµpi+k+1 =
N(k)∑
j=0
a(k, j)µi+k−jµpi+j+1
for i ≥ 0, k ≥ 0. The differential ∂ : Λ→ Λ is given by
∂λk =
N(k)∑
j=1
a(k, j)λk−jλj ,
∂µk =
N(k)∑
j=0
a(k, j)λk−jµj +
N ′(k)∑
j=1
b(k, j)µk−jλj .
Further by νi we denote an element of {λi, µi}. A monomial νi1 . . . νil is said to
be admissible if ik+1 ≤ pik − 1 whenever νik = λik and if ik+1 ≤ pik whenever
νik = µik . The set of admissible monomials is a basis of Λ. The unstable lambda
algebra Λ(n) is a dg-subalgebra of Λ generated by admissible elements νi1 . . . νil
such that i1 ≤ n. We denote by Λ(n)m the subspace generated by monomials of
12 SERGEI O. IVANOV, ROMAN MIKHAILOV, AND JIE WU
degreem in Λ(n) and by Λ(n)m,l the vector space generated by monomials of length
l in Λ(n)m. Then
Λ(n) =
⊕
m,l
Λ(n)m,l, Λ(n)m =
⊕
l
Λ(n)m,l.
Consider the left ideal of Λ :
(18) Λλ =
∑
i
Λλi.
The set of all admissible monomials νi1 . . . νil such that νil = λil forms a basis of
Λλ. Further we put
Λλ(n) = Λλ ∩ Λ(n).
The set of all admissible monomials νi1 . . . νil such that νil = λil and νi1 is one of
the first n letters in the sequence µ0, λ1, µ1, λ2, µ2, . . . forms a basis of Λλ(n). This
ideal is homogeneous and inherits the bigradding:
Λλ(n) =
⊕
m,l
Λλ(n)m,l, Λλ(n)m =
⊕
l
Λλ(n)m,l.
3.4. (Non)restricted Lie powers and the lambda algebra. Denote by L[−] :
Sets∗ −→ Sets∗ the functor that sends a pointed set X to the unrestricted Lie ring
(over Z) with generators X and with one relation ∗ = 0. For a prime p similarly
we define the functor L[p][−] : Sets∗ → Sets∗ that sends X to the restricted Lie
algebra over Fp. They have natural structures of monad, and these monads can be
extended to the category of simplicial sets:
L[−],L[p][−] : S∗ −→ S∗.
These functors have standard gradings
L[X ] =
⊕
i≥1
Li[X ], L
[p][X ] =
⊕
i≥1
L
[p]
i [X ].
The Kleisli composition induces operations on π∗L[S∗] =
⊕
n≥2 π∗L[S
n] and
π∗L[p][S∗] =
⊕
n≥2 π∗L
[p][Sn].
The homotopy groups of L(Sn) can be described in terms of derived functors in
sense of Dold-Puppe:
πmLi[S
n] = LmLi(Z, n), πmL
[p]
i [S
n] = LmL
[p]
i (Z, n),
where Li : Ab → Ab is the functor of ith Lie power (over Z) and L
[p]
i : Ab →
Vect(Fp). It was proved in [2], [4] that, if i 6= pl for some l ≥ 0, then πm(L
[p]
i (S
n)) =
0, and there is an isomorphism
(19) πmL
[p]
pl
[S2n] ∼= [p]Λ(n)m−2n,l
for any l ≥ 0. Moreover, the multiplication in the lambda algebra corresponds to
the Kleisli composition:
(20) π2mL
[p]
pl
[S2k]× πnL
[p]
pt [S
2m]
⊙
//
∼=

πnL
[p]
pl+t
[S2k]
∼=

Λλ(k)m−k,l × Λλ(m)n−2m,t
×
// Λλ(k)n−k,t+l
.
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Daniella Leibowitz in [9, Prop. 2.5] proves that if i 6= pl for some l ≥ 0 and a
prime p, then πm(Li(Sn)) = 0, and there is an isomorphism
(21) πmLpl [S
2n] ∼= [p]Λλ(n)m−2n,l
for any odd prime p and l ≥ 1. The simillar Moreover, the embedding Lpl [X ] ⊆
L
[p]
pl
[X ] induces the commutative diagram
(22) πmLpl [S
n] //
∼=

πmL
[p]
pl
[Sn]
∼=

[p]Λλ(⌊n/2⌋)m−n,l
⊆
//
[p]Λ(⌊n/2⌋)m−n,l
3.5. Unstable multiplicative p-LCS spectral sequence. Let p be a fixed odd
prime. Consider the p-LCS spectral sequence E(G,Fp) (Example 3.3) and denote
E(X,Fp) = E(F [X ],Fp), E(S
∗,Fp) =
⊕
n≥2E(S
n,Fp). It is proved in [3] that
E1(X,Fp) = π∗L
[p]
∗ [X ]
and, if X is connected and the homotopy groups πi(ΣX) are finitely generated,
then
E(X,Fp)⇒ π∗(ΣX, p),
where π∗(ΣX, p) is the quotient of π∗(ΣX) by the subgroup of elements of finite
order prime to p. In particular, if we take X = S2n and apply (19), we get
E1(S2n,Fp) = [p]Λ(n)⇒ π∗(S
2n+1, p).
Theorem 3.6. Let G be a simplicial group. Then the Kleisli composition ⊙ induces
a well-defined map
⊙ : Er(G,Fp)× E
r(S∗,Fp) −→ E
r(G,Fp),
and for elements a ∈ Erk,l(G,Fp) and b ∈ E
r
s,t(S
∗,Fp) the following Leibniz-like rule
holds
dr(a⊙ σb) = (−1)l+tdra⊙ b+ a⊙ drσb.
Proof. It follows from Theorem 3.2 
3.6. Unstable multiplicative spectral sequence E˜(S∗, p). Let p be a fixed odd
prime. Consider the spectral sequence E˜(X, p) from Example 3.4. For a space X
and the Milnor construction F [X ], consider p-accelerated (integral) lower central
series
F [X ] = γ1[X ] ⊇ γp[X ] ⊇ γp2 [X ] ⊇ . . . .
Recall that [9], for all m ≥ 1,
(23) pπm(Li(S
n)) = 0, for i 6= pj for some j.
Therefore, for a sphere Sn, one has a natural isomorphism
pπm(Lpk (S
n)) =p πm(γpkF [S
n]/γpk+1(F [S
n])), k ≥ 1.
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The following follows immediately from the description of the E1-page of the lower
central series spectral sequences ( [2] and [9])
πm(F [S
n]/γp(F [S
n]) =

Z, m = n,
Z⊕ torsion groups of orders prime to p, if n is odd and m = 2n
0 or torsion groups of orders prime to p, otherwise
Observe that, the integral term in this description which corresponds to the Hopf
element in π4n−1(S
2n) maps trivially to the Z/p-torsion elements in the spectral
sequence E˜(S∗, p). This fact, of course, is well-known in homotopy theory and can
be proved in different ways. For example, it follows from the functorial view on
the spectral sequence E˜(S∗, p). One can extend it to the case of wedges of spheres
and consider the differentials in the spectral sequence as natural transformations on
polynomial functors from the category of free abelian groups to all abelian groups.
The Z-term in Hopf dimensions comes from the Whitehead universal quadratic
functor Γ2, all the Z/p-terms in dimensions bellow the Hopf one come from additive
functors −⊗ Z/p and the needed statement follows from the elementary fact that,
for any odd prime p, there are no non-zero natural transformations of the type
Γ2 → −⊗ Z/p. Hence,
pE˜(S
n, p) =⇒ π∗(S
n+1, p)
Observe that, the property (23) can not be extended to more complicated spaces,
for example,
3π5L6(S
1 ∨ S1) = Z/3.
Analogously with previous cases, we have
Theorem 3.7. The Kleisli composition ⊙ induces a well-defined map
⊙ : E˜r(S∗, p)× E˜r(S∗, p) −→ E˜r(S∗, p),
and for elements a ∈ E˜rk,l(S
∗, p) and b ∈ E˜rs,t(S
∗, p) the following Leibniz-like rule
holds
dr(a⊙ σb) = (−1)l+tdra⊙ b+ a⊙ drσb.
The statement of the theorem follows as before from theorem 3.2 and the de-
scription of the Kleisli composition in terms of the lambda algebra.
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